Let R be a commutative ring with non-zero identity. Our aim is to investigate MacCasland modules and to examine in particular when submodules of such modules are MacCasland.
Introduction
In this paper all rings are commutative rings with non-zero identity and all modules are unital. Recently, extensive research has been done on prime submodules, see, for examples [1, 7, 8] . In this paper, we continue these investigations. A proper submodule N of M is prime (resp. primary) if for any r ∈ R and m ∈ M such that rm ∈ N, either m ∈ N or r ∈ (N : M) = {a ∈ R : aM ⊆ N} (resp. either m ∈ N or r n M ⊆ N for some n). It is easy to show that if N is a prime submodule of M (resp. N is a primary submodule of M) then the annihilator P of the module M/N (resp. nilrad(M/N) = P ) is a prime ideal of R, and N is said to be P -prime submodule (resp. P -primary submodule) of M. So every prime is primary. Let N be a proper submodule of an R-module M. The radical of N in M, denoted by rad M (N), is defined to be the intersection of all prime submodules of M containing N. Should there be no prime submodule of M containing N, then we put rad M (N) = M. The envelope submodule RE M (N) of N in M is a submodule of M generated by the set E M (N) = {rm : r ∈ R and m ∈ M such that r n m ∈ N for some n ∈ N}. A submodule N of an R-module M is called semiprime if N = M and whenever r ∈ R, m ∈ M with r s m ∈ N for some positive integer s then rm ∈ N. Let N be an R-submodule of M. Then N is pure in M if any finite system of equations over N which is solvable in M is also solvable in N. Also, N is called relatively divisible in M if rN = N ∩ rM for all r ∈ R. Clearly, every pure submodule is relatively divisible submodule. An R-module M = 0 is called a secondary module provided that for every element r ∈ R, the R-endomorphism of M produced by multiplication by r is either surjective or nilpotent. This implies that nilrad(M) = P is a prime ideal of R, and M is said to be P -secondary. An R-module M is regular if all its submodules are pure. An R-module M is called a multiplication module if for each submodule N of M, N = IM for some ideal I of R. In this case we can take I = (N : M).
We return now to the radical of an R-submodule N of M, in order to discuss the connection between rad M (N) and the envelope of N, as defined in the above. We will call from [ 
Prime submodules
Our starting point is the following lemma:
Let N be a semiprime R-module of M. It is easy to check that every prime is semiprime, rad M (N) is semiprime and if N is semiprime, then RE M (N) = N.
Proposition 2.2 Let R be a commutative ring, M a MacCasland R-module
Proof. Let K be a submodule of N. By assumption and Lemma 2.1, we must have
Theorem 2.3 Let R be a commutative ring, M a R-module and N a proper R-submodule of M. Then the following hold: (i) N is primary and semiprime if and only if N is prime. (ii) If M is secondary, then N is semiprime if and only if N is prime.
Proof. (i) Let N be primary and semiprime, and rm ∈ N, where m / ∈ N. Then there is a positive integer n such that for each x ∈ M, r n x ∈ N. Now since N is semiprime, rx ∈ N. Hence for each x ∈ M, we have, rx ∈ N, that is, rM ⊆ N. Thus N is a prime submodule. The coverse is clear.
( Recall that an R-module M is called special if for each m ∈ M and each element a of any maximal ideal P , there exist n ∈ N and c ∈ R − P such that ca n m = 0 [10] .
Lemma 2.4 Let R be a one-dimensional domain. Then every secondary Rmodule M is MacCasland.
Proof. Let M be a P -secondary R-module. Proof. Let N be a P -secondary submodule of M. By Proposition 2.6, it is enough to show that N is semiprime. Suppose that a s x ∈ N where a ∈ R and x ∈ M. If a / ∈ P , then a s N = N, so a s (x − y) = 0 for some y ∈ N; hence ax = ay ∈ N since 0 is semiprime. If a ∈ P , then a s+t x = 0 for some t, so 0 semiprime gives ax = 0 ∈ N, as required. 2
Corollary 2.11 Every relatively divisible submodule of a torsion-free MacCasland module over an integral domain is MacCasland.
Proof. By [8, Result 2] , every relatively divisible submodule of a torsion-free module is prime. Now the assertion follows from Proposition 2.6. 2
